Cell membranes are composed of a mixture of lipids. Many biological processes require the formation of spatial domains in the lipid distribution of the plasma membrane. We have developed a mathematical model that describes the dynamic spatial distribution of acidic lipids in response to the presence of GMC proteins and regulating enzymes. The model encompasses diffusion of lipids and GMC proteins, electrostatic attraction between acidic lipids and GMC proteins as well as the kinetics of membrane attachment/detachment of GMC proteins. If the lipid-protein interaction is strong enough, phase separation occurs in the membrane as a result of free energy minimization and protein/lipid domains are formed. The picture is changed if a constant activity of enzymes is included into the model. We chose the myristoyl-electrostatic switch as a regulatory module. It consists of a protein kinase C that phosphorylates and removes the GMC proteins from the membrane and a phosphatase that dephosphorylates the proteins and enables them to rebind to the membrane. For sufficiently high enzymatic activity, the phase separation is replaced by travelling domains of acidic lipids and proteins. The latter active process is typical for nonequilibrium systems. It allows for a faster restructuring and polarization of the membrane since it acts on a larger length scale than the passive phase separation. The travelling domains can be pinned by spatial gradients in the activity; thus the membrane is able to detect spatial clues and can adapt its polarity dynamically to changes in the environment.
Introduction
Eukaryotic cells display a high degree of internal structures. Dynamic pattern formation in the vicinity of plasma membranes is a crucial prerequisite for the induction of localized membrane structures, such as lamellipodia, filopodia, phagocytic cups, dendrites or axons. For a long time the common view of the plasma membrane was governed by the 'Fluid-Mosaic-Model' by Singer and Nicolson [1] , where lipids are uniformly distributed in the membrane and form a matrix for embedded proteins. Meanwhile, it has become clear that the cell membrane is dynamic and structured [2] . Lipid domains give decisive positional clues for the local activation of enzymes and the formation of localized structures, e.g. in cell motility [3] [4] [5] and phagocytosis [6] . While many intracellular processes are coordinated by active elements such as molecular motors, the structuring of membranes requires different strategies.
In this paper, we investigate the influence of two different mechanisms on the lipid distribution in the membrane of eukaryotic cells by means of mathematical modelling. The first mechanism is phase separation due to molecular interaction between lipids and proteins or between different lipids.
This process occurs if the interaction energies dominate the entropy contribution and is driven by free energy minimization of a closed system. The second key process is nonequilibrium pattern formation due to the interplay between chemical reactions and diffusional transport in an open energy-consuming system. The understanding of such reaction-diffusion (RD) processes is often only achieved by a comparison of mathematical modelling and experiments. The potential for pattern formation of reaction-diffusion processes has first been introduced theoretically by Turing [7] who argued for a physico-chemical basis of morphogenesis. Gierer and Meinhardt [8] discussed simple, biologically feasible realizations of Turing's mechanism and applied it to developmental biology. More recently, experimentally observed dynamic structures in single cells such as calcium waves [9] and intracellular protein oscillations in Escherichia coli [10, 11] have been successfully modelled as reactiondiffusion patterns [12] [13] [14] [15] . These modelling approaches all assume a spatially homogeneous lipid composition of the cell membrane, whereas in the following we will concentrate on the possibility of patterns in the membrane.
In membranes of living cells, lipids and proteins are in close contact and strongly interact via van der Waals (vdW) and Coulomb forces. As a result biological membranes often exhibit phase separation into different lipid microdomains.
Phase separation initially appears on a length scale that is comparable to the range of the relevant interaction. Electrostatic interactions between macromolecules such as lipids and proteins are short range under physiological conditions due to the screening by small ions (the DebyeHückel length is in the nanometre range). Therefore, lipid domains are expected to appear on a submicrometre scale. For closed systems, the average domain size in phase separation slowly coarsens until eventually the size of the system is reached [16] . Phase separation (or lipid-lipid immiscibility) has been used as an explanation for domain formation in in vitro lipid systems [17, 18] as well as for the appearance of condensed lipid rafts that serve as signalling platforms in living cells [19] . Lipid-lipid interactions and lipid-protein interactions have both been observed in model membranes. Theoretical approaches typically start from the free energy of a homogeneous lipid mixture and then proceed to determine the regions of phase separation.
The second potential mechanism for structure formation in membranes may be provided by reaction-diffusion processes involving the membrane. The living cell constitutes an open system that is kept out of thermodynamical equilibrium by its metabolism, which in turn is a basic requirement for RD-induced pattern formation. The length scale λ of the resulting patterns is not determined by the interaction length of intermolecular forces but by λ = √ Dτ , where D is a typical diffusion constant and τ a typical reaction time. Typically, RD patterns in cells occur on a length scale of about 10 µm if the cytosolic diffusion constant of proteins (D ≈ 10 µm 2 s −1 ) is decisive and τ ≈ 10 s is the typical time for a relevant biochemical reaction. In many cases, the pattern wavelength approaches roughly the cell size; hence RD patterns are much larger than domains induced by molecular interactions. Several studies have applied the RD mechanism to model the polarization of Dictyostelium cells. Therein, pattern formation in the plasma membrane requires reactive transformations of lipids involving a positive or negative feedback [20] [21] [22] [23] . Here, we propose a mathematical model wherein the molecular interactions between proteins and lipids are crucial for pattern formation in the membrane. This Schematic representation of the ME switch. GMC proteins can adsorb and desorb from the plasma membrane. Additionally GMC proteins are phosphorylated on the membrane via a PKC and translocate into the cytosol, where they are dephosphorylated through a phosphatase and can then reassociate with the membrane.
interaction couples the lipid dynamics to proteins on the membrane and in the cytosol, which can in turn be regulated by enzymes and other signalling molecules. In addition, we achieve also a natural coupling between protein-induced phase separation and reaction-diffusion processes in the cytosol. Coupling of both mechanisms can give rise to spatio-temporal patterns with largely different length and time scales and allows a dynamical regulation of the membrane patterns. It is desirable that mathematical models are based on experimentally well-studied systems, so that parameters and rate constants can be taken from experimental data and quantitative predictions become possible. As a biologically important and well-documented example we chose the family of GMC proteins (GAP43, MARCKS, CAP23) [24, 25] , whose interactions with acidic lipids are regulated by a protein kinase C (PKC). GMC proteins are ubiquitous actin binding proteins [26] in vertebrate cells. Their physiological concentrations range from 10 µm [27] up to 100 µm in growth cones [28] . GMC proteins interact with acidic lipids in membranes via a basic effector domain. These interactions induce a phase separation in model systems [29, 30] and lead to microdomains in plasma membranes [31] . In quiescent cells GMC proteins are membrane bound. Phosphorylation by a PKC translocates GMC proteins away from the membrane into the cytosol, where they are dephosphorylated and can reassociate with the membrane. This mechanism is called myristoyl-electrostatic (ME) switch [32] and is schematically depicted in figure 1. GMC proteins have been found to play a critical role in the development of the neural system [25, [33] [34] [35] and in the regulation of cortical actin-based structures and related cell motility [26, 31, 36, 37] . GMC proteins are also known to sequester acidic lipids, such as phosphatidylinositol 4,5-bisphosphate (PIP 2 ), in membranes, thus decreasing the level of freely available PIP 2 , and selectively release it upon stimulation [27] . Therefore, many processes that are regulated by locally enhanced phosphoinositide levels, could potentially be regulated via the phosphorylation of GMC by PKC instead of a local de novo synthesis of phosphoinositides.
Below, we analyse the spatio-temporal behaviour of the ME switch coupled to molecular interactions between acidic lipids and GMC proteins using a dynamical model within the framework of continuous evolution equations. We will start out our analysis by formulating a reaction-diffusion model for the ME switch cycle. This cycle contains a nonlinear term due to the phosphorylation of GMC proteins by PKC. The nonlinearity arises from the assumption of a cooperative activation of PKC by acidic lipids and an inhibition of PKC activity by GMC proteins that block the access of PKC to the membrane. The PKC reaction is therefore self-enhancing. The antagonistic reaction is provided by the conserved number of GMC proteins. Thus, a local increase of the GMC concentration in one area is necessarily accompanied by a decrease of the GMC concentration in the remaining area. Then we will extend this model by molecular lipid-protein interactions in the form of Cahn-Hilliard-type diffusion terms. These molecular interactions introduce a second source of instability into the model and can cause a phase separation. The present work incorporates basic biochemical features and analyses the qualitative change in the model behaviour depending on the strength of protein-lipid interactions and the PKC activity. We show that in quiescent cells (low PKC activity) the plasma membrane develops a stationary structure on a submicrometre scale. This pattern is determined by short-range protein-lipid interactions and is reminiscent of a phase separation process in a closed system. Upon activation of PKC inside the cell, patterns occur on a larger length scale comparable to the cell diameter and are caused by an RD process involving the ME switch. Typically, travelling domains are found, but for some parameters standing-wavelike domain dynamics is seen in our simulations. It is also shown that initially travelling protein/lipid domains can be pinned by a spatially heterogeneous enzyme activation, such that maxima in the PKC activation coincide with minima in the concentration of membrane-bound proteins and acidic lipids. Hence, the emerging membrane patterns can adapt to external gradients and possibly transduce external signals relevant for cell motility or cell growth.
Model
Our model consists of four continuous mass balance equations, which describe reaction-diffusion processes relevant for the ME switch and take into account the diffusive transport of acidic lipids and GMC proteins in the presence of lipidprotein interactions at the membrane. We assume that GMC proteins can exist in three states, such as membrane bound unphosphorylated (m), cytosolic unphosphorylated (c) and cytosolic phosphorylated proteins (c p ). Furthermore, we assume that the status of the membrane is described by the area fraction of acidic lipids p. The evolution equations of these four variables are then given by
where the reaction terms R m , R c and R cp describe membrane binding and unbinding of the protein as well as its phosphorylation-dephosphorylation cycle.
The vectorial quantities j m and j p denote the fluxes of acidic lipids and membrane bound GMC proteins in the plane of the membrane. In the following we will first make some general remarks about the model, then we will specify the reaction terms R m , R c and R cp and finally we will derive the flux terms j m and j p from a coarse-grained free energy.
General
The total amounts resp. the averaged concentrations of acidic lipids and proteins are conserved in the above model; these quantities are represented implicitly by the parameters p t and c t .
We describe membrane lipids and adsorbed proteins as two-dimensional layers that only interact via molecular forces (attraction between acidic lipids and proteins). The membrane contains two lipid species, acidic and neutral, and is partially covered with adsorbed proteins. We assume that the presence of adsorbed proteins has no effect on the lateral pressure in the membrane. Continuous model variables describe the occupation states of the lattice sites, which can either be occupied or empty in the case of the protein monolayer, whereas the lattice sites of the membrane contain either a neutral or acidic lipid. The size ratio between proteins and lipids is denoted by N. The relevant effector domain of MARCKS contains about 25 amino acids, therefore N = 25 is used in all calculations assuming that a lipid head group has roughly the size of an amino acid. Figure 1 shows schematically the biochemical reactions of the ME switch. GMC proteins can adsorb at free membrane sites with the rate constant k ad and desorb from the membrane with the Arrhenius-type rate k de e −Nup , where we have assumed that GMC proteins have to overcome interactions with acidic lipids of strength u per lipid site (in units of k B T ). Upon activation of a PKC, membrane bound GMC proteins are phosphorylated with a Michaelis-Menten-type kinetics and the rate constant k PKC and desorb from the membrane, since phosphorylation diminishes the interaction between GMC proteins and acidic lipids. We will assume that the desorption of phosphorylated GMC proteins occurs instantaneously and that the PKC requires acidic lipids as effector molecules 3 . Since the PKC needs access to the membrane in order to 'see' the activating acidic lipids, we assume that GMC proteins have an inhibiting effect on the PKC activity because they block the membrane space and are strongly interacting with acidic lipids. This inhibiting effect has indeed been shown for the activity of a phospholipase C on PIP 2 [29] . In the cytosol, phosphorylated GMC proteins are dephosphorylated by a phosphatase with the rate constant k Ph and can then reassociate with the membrane. The above-mentioned processes can be cast into the following reaction terms,
Reaction terms
with
The concentration of GMC proteins averaged over the whole membrane and the cytosolic phase is a conserved quantity and will be denoted by c t . GMC proteins are assumed to undergo fast diffusion in the cytosol. On the time scale of the ME switch the mean concentration of acidic lipids, denoted by p t , is conserved and lipids are allowed to redistribute dynamically in the membrane due to molecular interactions with GMC proteins. The local concentration of acidic lipids influences the ME switch dynamics by enhancing membrane binding of GMC proteins and increasing the PKC activity.
Transport at the membrane
Diffusion processes and phase separation due to molecular interactions can be described within the framework of linear flux-force relationships by Cahn-Hilliard-type equations [39] . Several studies [30, 40] have addressed the problem of macroion-induced phase separation of mixed lipid membranes by means of a macroscopic description with a coarse-grained free energy. These models were mainly concerned with spatially homogeneous states and their stability. Here, we extend this approach to derive dynamic equations for the evolution of the concentrations of membrane bound proteins and acidic lipids. First, one needs to define a coarse-grained free energy for a mixed lipid membrane with adsorbed proteins. Since the membrane is surrounded by an aqueous solution with physiological ionic strength, screening of electrostatic charges is very effective and therefore Coulomb interactions can be considered as very short-range interactions (i.e. the Debye length is approximately 8Å in a 150 mM KCl solution at room temperature). We assume that attractive vdW and short-range repulsive Coulomb forces among lipids and proteins balance locally and line tension is mainly governed by vdW interactions in the lipid phase. Thus, locally only attractive Coulomb interactions between positively charged proteins and acidic lipids are considered. This simplification reduces the number of parameters in the model but does not change the results of the analysis qualitatively. The free energy functional of a flat mixed lipid membrane that is partially covered with proteins, then has the form
The local part of the free energy f l is given by
where N a denotes the number of lipid sites per unit area. For simplicity the standard chemical potentials of both lipid species and membrane bound proteins were set to zero. u (in units of k B T ) describes the contribution of attractive Coulomb interactions between lipids and proteins to the local free energy density, i.e. u > 0, and is also the origin of the Arrheniustype rate constant for the desorption process in equations (5) and (6) .
where D p and D m are given by the products of k B T with the lipid and protein mobilities, respectively. For a detailed derivation of the fluxes see appendix A.
Choice of parameters
The parameters of the model are mostly taken from in vivo experiments. We have scaled the concentration of acidic lipids by the total concentration of lipids per unit area in the membrane and thus obtain p t = 0.2 [41] . The membrane bound protein concentration is scaled by the maximum concentration of membrane bound proteins per unit area. The cytosol constitutes a volume, and allows the proteins to diffuse in three dimensions. We will neglect gradients of the concentration of cytosolic macroions in a direction normal to the membrane, i.e. we can integrate over the third dimension.
The quantities c and c p therefore denote area concentrations and are scaled by the maximum coverage of bound proteins per unit membrane area. Thus, c and c p can have values larger than unity. The GMC protein concentration can be as high as 100 µm [28] . The concentration of membrane lipids is 1 mM when dissolved in the cytosol [27] . Using the size factor N = 25 one finds that the membrane can be completely covered by a cytosolic GMC concentration of 40 µm. Throughout our calculations we will assume that GMC proteins can cover half the membrane area and set c t = 0.5. The mobility of proteins associated with plasma membranes varies considerably [42] , e.g. glycosylphosphatidylinositol-anchored proteins were reported to move as fast as their lipid anchors, whereas other proteins did not diffuse at all on the time scale of the experiment [43] . We are not aware of any data concerning the mobility of GMC proteins on the membrane but their actin affinity suggests that GMC proteins are considerably less mobile than lipids. Here, we concentrate on the case that membrane bound proteins are immobile (D m = 0). (1)- (4) in the k PKC -u plane for a system size of 120 µm.
In the light shaded region enclosed by the solid line we find an oscillatory instability. In the dark shaded region below the dashed line we find a stationary instability.
Assuming that line tension in the lipid phase is governed by nearest-neighbour interactions with energies of the order k B T and using the Cahn-Hilliard [39] theory we obtain for the parameter χ ≈ l 2 l (in units of k B T ), where l l is the typical distance between nearest-neighbour lipids.
After scaling energy, space and time with 1 k B T , 1 µm and 1 s, respectively, we obtain the following scaled parameter values that are used in the following. [49] , n = 2. This choice of parameters ensures that (i) membrane binding of GMC proteins is fast compared to other biochemical reactions, (ii) GMC proteins bind preferentially to sites of high acidic lipid concentration and (iii) in quiescent cells, i.e. k PKC = 0, most of the GMC proteins are membrane bound.
Results

Membranes in homogeneous environments
For the model analysis we fix the system size to 120 µm (120 µm × 120 µm) for one (two)-dimensional simulations; this corresponds roughly to the circumference (surface area) of a eukaryotic cell. For the chosen parameters, equations (1)-(4) exhibit only one spatially homogeneous steady state. To determine the linear stability of the uniform steady state we add Fourier mode perturbations with wavenumber k and growth rate β to the uniform state. The results of the linear stability analysis of the uniform state are summarized in the phase diagram in figure 2 . We expect stationary domains due to protein-lipid interactions for low or zero PKC activity. This case corresponds to quiescent cells, where GMC proteins are mainly membrane bound and colocalize with acidic lipids. The relevant wavelengths corresponding to the fastest growing perturbations are on a submicrometre scale, due to the short interaction lengths in the lipid phase (see also figure B1 in appendix B). For larger values of k PKC we find a region where growing perturbations are characterized by complex values of β-an indication for oscillatory patterns and waves. Note that the oscillatory instability occurs only if the interaction is taken into account and is strong enough. Large PKC activity alone would not lead to patterns in the membrane. Therefore, the resulting patterns described below are the phenomena that require the cooperation of nonequilibrium chemistry and physical interactions. The relevant wavelengths in this case are of the order of several 10 µm. We observe here a novel behaviour, the interplay between RD processes on a large scale and molecular interactions on a short scale induces oscillatory patterns on a large scale. For illustration purposes we perform numerical simulations which start from the uniform rest state with small amplitude perturbations. One-dimensional simulations use an Adams method, whereas two-dimensional simulations either use a pseudospectral or a simple Euler method. Figure 3 is of the order of years, since the coarsening domains have to evolve over several orders of magnitude from 0.1 to 100 µm.
In contrast, figure 3(b) displays snapshots of a typical twodimensional simulation from the oscillatory regime in figure 2 . Shown is the spatial distribution of the membrane bound protein concentration. The unstable uniform state develops initially into a standing wave with rapidly growing amplitude, until a travelling wave with a wavelength of the order of the cell size prevails. The travelling domain is moving with a constant speed and shape in the diagonal direction. The velocities of travelling domains vary depending on the PKC activation and reach up to 0.2 µm s −1 . Hence, the moving domain needs roughly 10 min to travel around the whole cell. The wave is somewhat oblated at the front and round in the back. For other parameter combinations we also find travelling stripes or stable standing waves. Further mathematical analysis of the model, regarding the linear stability of the uniform steady state and the continuation and linear stability of travelling wave solutions can be found in figures B1 and C1 in appendices B and C.
Gradient sensing
So far we have analysed and simulated the case of spontaneous symmetry breaking and the formation of patterns with a spatially uniform enzyme activity.
It is of biological interest, how the system reacts to external signals that occur as local variations in the concentration of growth factors or chemoattractants. With the following computations in one spatial dimension we illustrate how travelling domains, induced by the ME switch, react to external signals. We assume that an external spatial variation in a stimulant leads to a spatial heterogeneity in the PKC activity of the form (1)- (4) parameter κ defines the amplitude of the heterogeneity. Here we investigate the case that the heterogeneity has either one or two maxima, i.e. N p = 1, 2, corresponding to one or two external signals. The spatial variation in the enzymatic activity of the PKC is shown exemplary in figure 4 . The following questions are crucial for intracellular signal processing. First, in the case of a single signal, do we find a pinning of a travelling wave? Second, in the case of two signals, do we find wave pinning and if so, is the wave pinned at both signals or is the information of the two distinct signals lost? The results of the simulations with spatially varying PKC activity are shown in figures 5 and 6. We chose an average PKC activity, where travelling domains appear. First, we discuss the case of one external signal to the system (figure 5). For small amplitudes in κ, i.e. small gradients, the domains are still travelling albeit the domain shape depends on the local PKC activity. Increasing the signal amplitude κ, the domain no longer travels through the whole system, but oscillates around a position specified by low PKC activity. For larger values of κ, the domain becomes pinned in a stationary way, i.e. (1)- (4) it is completely locked to a location specified by the signal gradient. To further illustrate the effect of the gradient on the spatio-temporal pattern, we computed the temporal average of the GMC concentration for each grid point in the simulations (shown in figure 5(d) ). For travelling domains at κ = 0.1 we find for the ratio between the maximum and minimum average GMC concentrations a value of ≈2.7, indicating that in the region of lowest PKC activity the concentration of GMC proteins is almost threefold the GMC concentration in the region of highest PKC activation. Already this threefold accumulation of proteins in one membrane domain can trigger a significant cellular response. For the pinned domains at κ = 0.4 this ratio goes up to even larger values of ≈50.
Shifting the signal to the opposite side of the cell leads to an immediate shift in the maximum of membrane bound protein/acidic lipid concentration, implying that the travelling domain is able to follow the external stimulus and detects a shift in its position within a few minutes. Last, we consider the case, where two external signals are applied to the system (figure 6). For small amplitudes in the heterogeneity κ we find a behaviour that resembles a standing wave, where the extrema of the membrane bound protein/acidic lipid concentration coincide with the extrema in the stimulus. Increasing κ leads to a complete pinning of the wave and we find two stationary domains of high membrane bound protein/acidic lipid concentration.
Discussion
We have investigated mechanisms for pattern formation in biomembranes. Plasma membranes constitute a nonideal mixture of different lipids and proteins with short intermolecular distances. Thus membranes can exhibit phase separation into domains of different lipid composition. In addition, proteins near the membrane are regulated by enzymes and thus can participate in nonequilibrium pattern formation through reaction-diffusion processes. We have introduced a system of evolution equations that couples both mechanisms and investigated its dynamical behaviour and potential for pattern formation. We chose to model a process relevant to eukaryotic cells, the dynamics of GMC proteins and its interactions with crucial acidic signalling lipids, such as PIP 2 . GMC proteins undergo a cycle of phosphorylation and dephosphorylation, accompanied by membrane dissociation and association, driven by the PKC activity and the presence of ATP. Additionally they interact with acidic lipids and induce a phase separation in mixed lipid membranes. In our model we assume that the global lipid composition is constant and redistribution of lipids occurs only due to molecular interactions with membrane bound GMC proteins.
Thus, the local concentration of acidic lipids modulates the enzymatic activity.
At the same time the overall GMC protein concentration consisting of three species, unphosphorylated membrane bound, unphosphorylated cytosolic and phosphorylated cytosolic proteins, is conserved and the steady state is characterized by a non-vanishing protein flux through the phosphorylation/dephosphorylation cycle in activated cells.
We have analysed the model using the PKC activity and the strength of protein-lipid interactions as control parameters. For quiescent cells (zero or low PKC activity) we observe phase separation in the membrane due to lipidprotein interactions. Therefore in this regime membrane pattern formation is governed by a very slow relaxation process into equilibrium. Phase separation initially proceeds via the formation of periodic patterns, where membrane bound proteins and acidic lipids colocalize in domains with an initial wavelength in the submicrometre range. For constant higher PKC activation the system is far away from thermodynamic equilibrium. As a result, we find travelling lipid domains on a large spatial scale of several 10 µm, which develop on a time scale of the order of a few minutes and travel with velocities up to 0.2 µm s −1 . The physiological relevance of travelling domains is not immediately clear, but we show that such moving structures are efficient in sensing external gradients. The maximum time needed to detect a new signal is given by the period of the wave, typically of the order of several minutes in our model. Thus, the travelling domain renders the cell periodically susceptible to external signals. Furthermore, several incoming signals from different directions can be processed sequentially and the system is not in danger to be locked in a stationary state due to a previous single signal. Increasing the amplitude of the heterogeneity suppresses the oscillations and results in stationary domains.
Conclusion and outlook
In conclusion, our results suggest that the interplay between lipid-protein interactions and enzymatic regulation of proteins does not only allow for pattern formation in biomembranes in general but gives also rise to surprising phenomena such as travelling lipid domains and large scale organization of the membrane, which are suitable for the dynamic processing of external spatial signals. We believe that the presented work has a more general relevance than just for the special example of GMC dynamics. From a general point of view, our work shows that the cooperative action of intermolecular forces (here protein-lipid interactions) and biochemical reactiondiffusion processes is required for the appearance of oscillatory nonequilibrium patterns in the membrane. The two main ingredients of our model may therefore also be included in other models dealing with the intracellular organization of macromolecules. We have also focused on a small subset of the biochemical processes taking place in a living cell; thus, we implicitly assume a modular organization of the cellular processes and show that the ME switch alone is capable of a spatial structuring of the whole cell membrane. Altogether, models like the one studied here are not only useful tools for testing hypotheses, but their predictions can be employed in the design of new experiments. distinguished. For small values of k PKC the wave velocity is decreasing with increasing k PKC (regime I) until it reaches a minimum. By increasing k PKC further the velocity starts to increase again (regime II). We also computed the linear stability of travelling wave solutions for selected parameter combinations. For u = 1.5 k B T and high values of k PKC we find a metastable regime where both, travelling waves and the uniform state are stable. They are separated by a branch of unstable travelling wave solutions. Decreasing k PKC we find an extended region where travelling wave solutions are stable. For low values of k PKC we find a complex solution structure. One can find parameter regions were travelling waves are unstable and instead stable standing waves exist, e.g. for u = 1.3 k B T we find two unstable branches of travelling wave solutions coexisting with a branch of stable standing waves and a branch of stationary periodic solutions.
In regions of unstable travelling waves the coexisting stable pattern was determined by full numerical simulations of equations (1)- (4) . The simulations were started from travelling wave profiles obtained by continuation methods and the evolving solutions were recorded. In the parameter region where solutions other than travelling waves developed, the maximum amplitudes of the concentration profiles were recorded and plotted as discrete points in addition to the travelling wave amplitudes in figure C1 .
Glossary
Arrhenius kinetics. Functional form that describes the dependence of reaction rates on temperature.
Coarse graining. Rather than considering microscopic details of the dynamics of a system one considers time and length scales which are large compared to all microscopic times (e.g. collision times) and the typical size of the particles in the system.
Continuation. Numerical method to track solutions and bifurcations of differential equations in parameter space.
Linear stability. Property of a stationary solution of a nonlinear system. The system relaxes back to this stationary state upon small perturbations from this state, if it is linearly stable, and amplifies small perturbations, if it is linearly unstable.
Michaelis-Menten kinetics. Describes the rate of enzyme mediated reactions for many enzymes, if the following requirements are met: (i) the concentration of substrate is higher than the concentration of enzyme, and (ii) the concentration of the complex enzyme-substrate is in a steady state.
Onsager's law. Irreversible processes near the thermodynamic equilibrium can be described by a linear phenomenological theory in terms of thermodynamic forces and fluxes, e.g. a flow of matter is proportional to the concentration gradient.
Phase separation. Describes the evolution of a mixture from an initially spatially uniform state into a spatially separated state representing thermodynamic equilibrium.
Reaction-diffusion system. Spatially extended system, where chemical reactions and transport due to diffusion occur simultaneously.
Thermodynamic equilibrium. For a closed system with constant temperature and volume the thermodynamic equilibrium is given by the minimum of the free energy F = U − T S.
